Since late 2015 there has been an outbreak of Zika virus disease in South and Central America. This is particularly alarming because of its connection to microcephaly in infants born to mothers who were infected while pregnant. There are two mass gatherings which happened in 2016 in Brazil: Carnival (February 6-10 2016) and the Olympics (August 5-21, 2016). These events brought large groups of foreigners to Brazil who could have been exposed to the virus and transported it back to their home country. We created a mathematical model to analyze if a group of visitors to Rio de Janeiro for either of these events would cause an outbreak in Miami, Florida when they went home. Our model shows that if conditions are assumed to be the same for the populations in Miami and Rio de Janeiro, the visitors to Carnival could cause an outbreak in Miami in October that in three months infects roughly 75% of the population. If, however, the parameters for the model are modified to reflect different lifestyles and mosquito populations in Miami, the size of the outbreak there can be reduced. The model for Rio de Janeiro suggests that by August the majority of the population will already have been infected, hence immune, and there will be a low number of mosquitoes. Therefore, our model predicts that due to reduced infection rates during the Olympics the chance of visitors bringing back the disease to Miami is very low.
Introduction
The vector-borne Zika virus has caused widespread health problems in 2015 and 2016 in South America. It is spread by members of the Aedes family of mosquitoes, the same ones that transmit dengue and chikungunya.
First discovered in 1947 in Uganda, it has caused multiple outbreaks throughout the 21st century [14] . In 2014 there were over 30,000 reported cases in French Polynesia and it was estimated that up to 94% of the population there had been infected [14] . The most recent outbreak began in 2015 in Brazil and was officially labeled a Public Health Emergency of International Concern by the World Health Organization (WHO) on February 1, 2016 [4] . While the disease can be asymptomatic or cause minor fever and a rash, the virus has also been linked to Guillian-Barré Syndrome and microcephaly in infants born to mothers infected during pregnancy. Between September 2015 and July 2016 there have been over 225,000 suspected and reported cases of Zika virus disease and 1,638 confirmed cases of microcephaly associated with Zika in Brazil [17] .
Recently there has been interest in the public health implications of mass gatherings [24] . There were two such gatherings during 2016 which brought large numbers of foreigners to Brazil: Carnival and the Olympics.
Carnival occurred between February 6 and 10, where up to 500,000 foreigners went to Brazil to participate in the festivities [20] . The 2016 Summer Olympics took place August 5-21 in Rio de Janeiro, where upwards of 500,000 people came from across the globe to view them [19] . The influx of people for either of these events brought a new susceptible population to Brazil who, if infected, could bring the Zika virus back to their home country. Due to the widespread habitat of the mosquitoes that can transmit the virus it is possible that Carnival or the Olympics will further the global spread of Zika and begin new outbreaks in other countries.
Indeed, 150 health professionals wrote a letter to WHO calling for the Olympics to be moved or postponed due to these concerns [1] . WHO dismissed the letter saying such claims were unfounded [23] . Our goal is to use mathematical modeling to help shed light on this issue and investigate the public health implications of visitors to either Carnival or the Olympics.
The model consists of a two-patch system to demonstrate the possible spread of Zika virus by visitors from Miami who went to Rio de Janeiro for Carnival or the Olympics. The first patch is in Rio de Janeiro.
The second patch was placed in Miami because there is a high mosquito population, high human population, and there is more movement from Miami to Central and South America than from other U.S. cities [10] .
In Section 2 we define the compartmental model for the human and mosquito populations and the mechanisms which drive the transmission of the virus between humans and mosquitoes. In Section 3 we specify parameter values and explore the transmission data for the two mass gatherings of interest. We summarize results in the Discussion and Conclusion section.
Model
Mathematical modeling of diseases has been used for the past century to provide insights on disease spread and transmission dynamics. The first model was created in 1927 and called the Kermack-McKendrick Model [11] .
This simple model consisted of three compartments: susceptible, infected, and recovered. There have been multiple variations on this model since its introduction to include an exposed category or the transmission between humans and mosquitoes [14, 16] . The model we used (Figure 1 ) to express the transmission of the Zika virus between humans and mosquitoes consists of seven compartments for each of the two patches: Rio de Janeiro (indexed by i = 1) and Miami (i = 2). Our model is based on those in [14] and [16] . The four human compartments are i) the susceptible (notated as S i H (t) in Patch i at time t) representing those who can contract the disease; ii) the exposed (E i H (t)) are the humans incubating the disease but not yet spreading it; iii) the infected (I i H (t)) are the humans who can spread the disease but may or may not show symptoms; iv) the recovered (R i H (t)) are the recovered humans. The sum of these populations is N i H (t). We assume that once recovered, a person is immune and cannot be re-infected.
The three mosquito compartments are susceptible (S i V (t)), exposed (E i V (t)), and infected (I i V (t)), with no recovered compartment because we assume an infected mosquito remains so until its death. The sum of these populations is N i V (t). Infections between humans and mosquitoes occurs either when an infected human is bitten by a susceptible mosquito or when an infected mosquito bites a susceptible human (Figure 2 ). We made an assumption of homogeneous mixing in both human and mosquito populations. If for convenience we drop the dependence on t, the model can be expressed as a system of differential equations:
where:
• i = 1 corresponds to the patch in Rio de Janeiro and i = 2 the patch in Miami, Florida.
• The ν's indexed by V , H and the patch number are the birth rates.
• The µ's are the death rates.
• The α's are the rates at which the exposed become infective.
• The γ's are the rates at which the infected recover.
• The density dependent λ The force of infection from mosquitoes to humans is
where
is the density-dependent average number of bites on a human by mosquitoes per unit time, explained in Section 2.1;
is the probability that a mosquito is infectious 1 ; and β i H is the probability that a bite from an infected mosquito to a susceptible human will result in the transmission of the virus.
Similarly, the force of infection by humans to mosquitoes,
is the density-dependent average number of bites per mosquito on humans per unit time, explained in Section 2.1;
is the probability a human is infectious; and β i V is the probability that a bite on an infected human by a susceptible mosquito will result in the transmission of the virus. 1 We make the standard assumption that all biting mosquitoes have the same uniform probability 
which reflects the equality between the total number of bites by mosquitoes on humans (b as the maximum number of times a mosquito can bite per unit of time [7, 16] . Suboptimal biting rates are given in [7] . Here we propose optimal biting rates given by:
These biting rates are optimal in the sense that when the relative number of vectors (mosquitoes) is small (11)- (12));
The numerical values are from Table 1 .
Vector death rate
Vector (mosquito) populations are lower during the winter. To capture the resulting counter-cyclical effect between the Northern and Southern hemispheres we created time-dependent cyclical death rates modeled after [3] . These death rates, µ i V (t) for patches i = 1, 2, yield maximum death rates during each hemisphere's winter:
The average birth rate (ν Figure 4: Cyclical vector (mosquito) population in Patches 1 (Rio de Janeiro) and 2 (Miami) resulting from death rates in Eqs. (13) and (14) . The populations reach their maximum roughly during each hemisphere's summer. The numerical values are from Table 1 .
Basic Reproduction Number
The basic reproduction number, R i 0 (t), is the time-dependent number of new human infections caused by one exposed human via the mosquitoes in a disease-free population ( Figure 5 ). This number varies because the
where R i HV (t) is the number of new mosquito infections caused by the one exposed human and R i V H (t) is the number of secondary infections in humans caused by one of the infected mosquitoes. In our model
where the first term in the product is the probability of an exposed human reaching the infected state; the second term is the number of vectors (mosquitoes) that bite the infected human; the third term is the probability that the bite will transmit the pathogen; the fourth term is the average time spent in the infected stage.
Similarly for vectors (mosquitoes) we have
In the standard case of constant mosquito and human populations the basic reproduction numbers would be constants R Table 1 .
Application of the Model
The goal of this paper is to investigate whether visitors from Miami (Patch 2) to either Carnival in February 2016 or the Olympics in August 2016 can be infected in Rio de Janeiro (Patch 1) and bring the Zika virus back. We will explore these possibilities by having a group of visitors moving from Miami to Rio de Janeiro for these events and back at their conclusion. Parameter values, taken from the literature, are given in Table   1 . We make the assumption that the parameters applied to the general population also apply to the visitors. 
Data fitting for Patch 1
We fit the model for Patch 1 to the bell-shaped pattern of cases for Brazil collected by the Pan American Health Organization [17] , assuming that the pattern applied for Rio de Janeiro as well. For the model in Patch 1 we take into account the visitors to Patch 1 for either Carnival or the Olympics (described in Section 2 We made a somewhat arbitrary assumption that at the start of our model (September 1, 2015) there would only be exposed humans and no infected humans or exposed/infected vectors. The number of exposed humans (E 1 H ) was chosen through trial and error as a percentage of the susceptible human population in Patch 1. We found that with a 1% exposed population (129,020) the model for the patch roughly resembles the observed pattern for the number of new infections during the first half of 2016 in Brazil [17] . 3 Our model starts on September 1, 2015 when the number of vectors (mosquitoes) in Rio de Janeiro is at a minimum. The estimated 9,000,000 was chosen so that the maximum susceptible vector population (130,000,000, Figure 4 ) reached around March would be roughly ten times higher than the population of Rio de Janeiro based on the data in [16] . By doing this the model values for Patch 1 resemble the pattern in [17] . 4 We made an assumption that the same ratio of roughly ten vectors (mosquitoes) to one human during peak vector season would apply for Miami as Rio de Janeiro. The September 1st start date of the model is during peak mosquito season in Miami and so 60,000,000 is the maximum number of mosquitoes there.
3.2). Our model shows an outbreak between January and April 2016 and therefore has a shorter duration
than the pattern presented in [17] with the primary outbreak between January and April but a continuation of a small number of cases into June 2016. While the model does not capture the longer outbreak of the disease it accurately represents the peak in February 2016 (Figure 6 .A). It also predicts that 100% of the population will be infected which is on the high side but in general agreement with the model in [14] for the Zika outbreak in French Polynesia in 2013-2014 where it was estimated that 94% of the population there had become infected.
We did not compare the numerical results of our model with actual data because reporting on Zika in Brazil did not start until January 2016 and there was not specific data on the number of cases in Rio de Janeiro. There could be a great deal of under-reporting of cases since up to 80% of cases are asymptomatic [5] . Also, during the French Polynesia outbreak it was predicted only 11.5% of infections were reported [14] and while there is perhaps better surveillance in Brazil it is probably not complete.
With the assumption that once a person recovers from the disease they are immune, an outbreak in Rio de Janeiro is unlikely to occur again until there is a significant susceptible population or a different strain of Zika virus emerges for which the population is not immune.
Modeling the Visitors to Patch 1
To model the visitors to either Carnival or the Olympics a group of 100 people was subtracted on either February 3rd or August 3rd from Patch 2 in Miami and added to Patch 1 in Rio de Janeiro. To keep track of the visitors, a sub-patch in Rio de Janeiro was used that only included the visitors from Miami but allowed interactions with humans and mosquitoes in Rio de Janeiro. On February 12th or August 21st the visitors (now susceptible, exposed, infected, or recovered) in the sub-patch were moved back to the general population of Patch 2. The dates for the events were chosen with two extra days before the event occurs and one extra day after to include the added time that people are likely to spend in Rio de Janeiro. To see the effects individually we modeled visitors to either Carnival or the Olympics and did not look at the combined effect.
Visitors to Carnival
Visitors to Carnival arrived during the month of February where there was a peak number of Zika cases recorded in Brazil [17] . This is shown in Figure 6 .A. Visitors during Carnival between February 3rd and 12th 2016 are therefore at the highest risk of contracting the disease compared to visitors during other times.
If the same parameters (Table 1) are used for both patches (Rio de Janeiro and Miami) the model shows that the virus can be brought to the United States where it will remain at a low level until the peak of the mosquito population in Miami in September (Figure 4 ). This will then cause an outbreak in Miami between October and December 2016 resulting in roughly 75% of the population becoming infected (Figure 6 .B).
These (Figure 5 ). Indeed, Figure 5 .A shows that R Figure 6 : Modeled population in each compartment in Rio de Janeiro (Figure 6 .A) and Miami with visitors who were in Rio de Janeiro for Carnival (Figure 6 .B). There is no visible effect on the plots when the visitors leave or return from Carnival because of the small numbers.
Visitors to the Olympics
By August 2016 the model predicts that the virus has already infected the majority of the human population in Patch 1 and that there will be a low mosquito population (Figure 4 ). Due to both of these factors Zika virus is no longer being transmitted in Rio de Janeiro during the Olympics (Figure 7. A). The model shows that visitors present August 3-21, 2016 in Rio de Janeiro do not become infected and will not cause an outbreak in Miami (Figure 7 .B) even though conditions are perfect there for an outbreak in August (R 2 0 (t) > 7, Figure   5 .B). (Figure 7 .B). There is no visible effect on the plots when the visitors leave or return from the Olympics because of the small numbers.
Sensitivity Analysis

Change in bite rates
The results of Sections 3.2.1 and 3.2.2 assume that the parameters (Table 1) are the same for both patches.
However, this may not be the case because mosquito populations [13] and lifestyles are different in Miami and in Rio de Janeiro. We will assess the sensitivity of the model to variations in two important parameters which reflect these differences: i) the maximum number of bites per mosquito on humans per day (b
and ii) the maximum number of bites on a human by mosquitoes per day (b
max,i H
). We do this only for Patch 2 because if these parameters are modified in Patch 1 the model no longer follows the disease outbreak pattern presented in [17] . for Aedes aegypti (0.5, [16] ) and Aedes albopictus (0.26, [16] ) to capture the presence of both species of mosquitoes in Miami we obtain 0.38=(0.5+0.26)/2.
This value is within the accepted broad range of 0.33 to 1 for Aedes aegypti [22, 18] and 0.19 to 0.39 for Aedes albopictus [21, 9] . With this value, there is no predicted outbreak in Miami due to visitors to Carnival to 50 presented by [8] and is therefore not unreasonable.
Change in number of visitors
In the results described in Sections 3.2.1 and 3.2.2 100 visitors were presumed to go to Rio de Janeiro from Miami during either Carnival or the Olympics. However, the actual number of visitors to this event is difficult to estimate because only the total number of foreign visitors to Carnival is recorded [20] . To reflect this, we looked at how the number of visitors affects the outbreak size in Miami (with the same parameters in each patch). Regardless of the number of visitors from Miami to the Olympics they will not cause an outbreak upon their return because there is no outbreak in Rio de Janeiro in August.
However, the size of the outbreak that occurs in Miami due to visitors to Carnival will depend on the number of visitors. For example, if the number of visitors is reduced ten times (from 100 to 10) the model shows a smaller outbreak in Miami with less than 35% infected (Figure 9 .A), instead of 75% (Figure 6 .B).
However, if there are ten times more visitors (1000) the model suggests a much larger outbreak with over 90% of the population becoming infected in Miami (Figure 9 .B). 
Discussion and Conclusion
We created a model for the spread of Zika virus in Rio de Janeiro which reproduced the pattern of Zika virus disease spread in Brazil [17] . With this model we investigated if visitors to Rio de Janeiro for either ) by 10%. This causes the percentage infected in Miami to drop from 75% to 15%. However, to achieve the same reduction to 15% the maximum bites per human by mosquitoes (b max,2 H ) needs to be decreased by over 80% by using, for example, air conditioning or window screens. A small outbreak in Miami is consistent with the history of Miami where there have been no outbreaks of dengue or chikungunya (spread by the same vectors) on the scale seen in Rio de Janeiro [3] .
We also analyzed how the number of visitors to Rio de Janeiro for Carnival affects the size of the outbreak in Miami. If the number of visitors is reduced to 10, the outbreak in Miami infects 35% of the population compared to 75% (with 100 visitors). However, if the number of visitors is increased to 1000 there is an outbreak that infects 90% of the population of Miami. The model's predictions of infected percentages may be on the high side. This is perhaps due to the homogeneous mixing assumptions or because of imprecision in the parameter values. Also, no assumptions were made regarding quarantine, education, or other public or individual intervention measures. This sensitivity analysis shows that limiting exposure to the mosquitoes and reducing the number of visitors to Rio de Janeiro decreases the size of a secondary outbreak in Miami.
In all cases, regardless of the number of visitors or the parameters, the model predicts that visitors for the Olympics are not exposed and will not cause an outbreak in Miami. This is in agreement with WHO's dismissal of claims that the Olympics should be moved or postponed [23] .
We did not conduct an equilibrium analysis of our model for two reasons. First, the assumption that people are immune once they recover means this is a one-cycle disease which obviates the need for an equilibrium analysis. Second, the exogenously changing mosquito death rate would make such an analysis considerably more complicated.
This model only considered visitors from Miami and not the total expected number of around 500,000 coming from many different countries for either Carnival or the Olympics. This would require as many patches as places of origin and would make the model intractable and beyond the scope of this paper. This paper should be taken as a simplified study of the effect of a mass gatherings on the spread of Zika virus between South and North America and not as a firm predictor of Zika's presence or absence in Miami.
